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Purpose. To develop a simple approach for investigating absorption
kinetics, which does not require modeling assumptions or intrave-
nous data.

Methods. The concentration (C) -time (f) data are plotted as a phase
plane plot (dC/dt versus C). Errorless C,t data were generated from
one and two compartment models employing first-order, zero-order
and Michaelis-Menten input kinetics, and the phase plane plots were
constructed. A simple test based on the ratio of slopes of the separate
linear regression analyses of absorption and elimination data of the
phase plane plot is proposed to justify or not the presence of zero-
order input kinetics. Errant data were used to assess the performance
of the test developed. Literature data of theophylline and nitroglycerin
formulations were analyzed using the phase plane plot. Input rate-time
profiles were constructed for one compartment model drugs utilizing
the data of the phase plane plot.

Results. The geometric forms of the phase plane plots derived from
the errorless data of the various pharmacokinetic models were found
to be indicative of the absorption kinetics. Very good results were
obtained when the test for the discernment of absorption kinetics was
applied to errant data. Zero-order absorption kinetics were justified (i)
for the transdermal absorption of nitroglycerin and (ii) only for a certain
period of time, for the gastrointestinal absorption of theophylline.
Conclusions. Investigation of absorption kinetics can be accomplished
with the phase plane method. The cumulative character of the classical
percent absorbed versus time plots can be misleading in justifying the
presence of zero-order input kinetics.

KEY WORDS: absorption; absorption kinetics; zero-order; phase
plane: phase plane method.

INTRODUCTION

The assessment of in vivo drug absorption rates is accom-
plished with mass balance methods (1-3) and deconvolution
techniques (4-6). Mass balance methods require assumptions
regarding the model of drug disposition while deconvolution
techniques (4-6) assess the input function of the drug but require
separate data for the disposition of drug in the body. In addition,
deconvolution techniques require computer programs and are
based on the assumption that disposition remains constant when
the drug is administered orally and intravenously to the same
person on different occasions.

Of particular interest in this topic is the assessment of the
drug’s input rate from controlled-release formulations which
have been designed to provide zero-order input into the systemic
circulation. A number of methods, such as Wagner-Nelson (1),
nonlinear least squares regression (7), function area (8), and
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modified residual (9) are used to calculate the zero-order absorp-
tion rate constant. However, three of these methods (1,7,9)
require modeling assumptions while the noncompartmental
function area method (8) requires intravenous data.

The aim of the present study is to develop a simple
approach for the investigation of absorption kinetics, which
does not require modeling assumptions or separate intravenous
data. This approach is based on the phase plane plot (dC/dt
versus C) using the concentration (C) — time (f) data. Phase
plane plots have been used extensively in many areas of research
such as non linear dynamics (10), neuroscience (11), brain
research (12), physiology (13,14) etc. for the analysis of various
kinetic phenomena.

THEORY

In the physical sciences as well as in pharmacokinetics,
the traditional strategy to predict the future state of a system
is to construct a set of differential equations. In nonlinear
dynamics (15-17) the systems are described by means of geo-
metric constructions in which the solution of an “equation of
motion” is depicted by a curve in the appropriate space. The
coordinate axes necessary for such a plot are the continuum of
values of the N-components of the vector X(r) defining the
system. This kind of construction is called phase space (15-17)
and each point in the phase space gives a complete characteriza-
tion of the dynamical system at a point in time.

Pharmacokinetic models are described by first order ordi-
nary differential equations which involve one variable of the
general form dC/dt = f{C) where C is the plasma drug concen-
tration. Therefore, the time evolution of a pharmacokinetic
system can be studied by constructing a two dimensional phase
plane with coordinates dC/dtand C. This is shown schematically
in Fig. 1 utilizing a one-compartment model disposition system
with first-order input and elimination, whereas time proceeds
from the initial state [dC/dt (4), C(0)] to the final state [dC/dt
0), CO)].

Although the phase space graphs are used in nonlinear
dynamics to predict the time evolution of the system, pharmaco-
kinetic systems are predictable since they have point attractors
(15) i.e. they converge to a single point (zero) in phase space
as t — o, However, the shape of the phase plane graphs is
indicative of the output and input kinetics. This feature of the
phase plane plot is used in the present study for the investigation
of input kinetics.

METHODS

Errorless data were generated from the fundamental differ-
ential equations defining the various pharmacokinetic models.
The one compartment model is described by Egs. (1), (2) and (3)
for first-order, zero-order and Michaelis-Menten input kinetics,
respectively. The two compartment model is described by Egs.
(4), (5) and (6) for first-order, zero-order and Michaelis-Menten
input kinetics, respectively. In all cases, first-order elimination
was assumed. The integrated forms of the differential Eqgs. (1-6)
were also used for the simulations. Numerical integration was
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Fig. 1. “Phase plane” plot for a drug obeying one-compartment model
disposition with first-order absorption and elimination. The plot was

generated from the equations: C = 13.3 (e™*"" — e7%*) and dC/dt =
13.3 (0.4e %% — 0.1e7"'). Time is a continuous parameter which
indexes each point along the curve. The time flow is indicated by the
arrow, while the x-axis intercept corresponds to C,.
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The quantities included in the Eqs. (1-6) are: C is the
concentration of the drug in the central compartment; Cy and
C, are the concentrations in compartments 1 and 2, respectively;
C, is the concentration of drug in the gastrointestinal tract; K,
is the first-order absorption rate constant; Kj is the zero-order
absorption rate constant; T is the duration of constant input rate;
K. is the elimination rate constant, K,q 1s the output rate constant
from the central compartment; K,, and K;, are the disposition
rate constants; F is the bioavailable fraction; D is the dose; Vis
the volume of distribution; K, is the Michaelis-Menten constant,
and V,,, is the maximum velocity.

Noise free data were generated from Egs. 1, 3, 4 and 6
(first-order and Michaelis-Menten input kinetics) at times ¢ =
0,05,1,15,2,3,4,6,8, 12, 16, 20, and 24 hours; noise free
data were also generated from Eqs. 2 and 5 (zero-order input
kinetics) at times t = 0, 2, 4, 6, 8, 10, 12, 16, 20, 24, 28, and
32 hours, while constant rate of input was assumed for the first
12 h. The following values were assigned to the parameters:
Ko=10mgh ™, Vv=100L,F=1,K, = 120 mg/L,V,., =
100 mg/L/h, K, =0.4h"! and K, = 0.1 h™'or K, = 0.3h~". For
each one of the models, one thousand sets with superimposed
normally distributed error with coefficient of variation (CV) of
5% or 10% were prepared from the noise free sets.

The contaminated simulated data were analyzed by calcu-
lating the derivative dC/dt numerically while the corresponding
midpoint concentration, C, value was used for plotting purposes
i.e. dCldt versus C.

The same procedure was applied to real experimental data
taken from literature.

RESULTS AND DISCUSSION

Errorless Data. The errorless data were used to provide
a pictorial view of the plot dC/dt versus C for one compartment
model (Fig. 2) and two compartment model drugs (Fig. 3). Fig.
2 and 3 provide the phase plane of the systems under study
i.e. the space of all possible states of the systems (18). These
figures visualize the dynamics of the systems since the (dC/
dt,C) plane provides the “position” (concentration) and “speed”
(rate) of the drug in plasma at every point. For our purposes,
however, the shapes of the curves in Figs. 2 and 3 and their
topological properties are important. For example, the curves
in Fig. 2A and 2C are equivalent from a topological viewpoint
since they can be smoothly deformed to each other. On the
contrary, the lines of Fig. 2B are not equivalent with either the
curves of Fig. 2A or Fig. 2C. This topological dissimilarity
arises from the qualitative change (18) of the input rate in the
zero-order system (see Eq. 2). The discontinuity involved in the
zero-order system comprises and is reflected to the fundamental
difference between the continuous curves of Figs. 2A and 2C
and the discontinuous lines of Fig. 2B. These observations are
also applicable to the two compartment model systems (com-
pare Fig. 3B with Figs. 3A and 3C).

When first-order or Michaelis-Menten absorption kinetics
are encountered, the phase plane plots concave downwards
during the absorption phase and upwards during the elimination
phase, Figs. 2A, 2C, 3A, and 3C. The y-intercepts and the initial
and terminal slopes of the curves are given in the Appendix. It
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Fig. 2. ““Phase plane” plot for a drug obeying one-compartment model
disposition with first-order (A), zero-order (B) and Michaelis-Menten
(C) absorption and first order elimination. The plots were generated
from: Eq. 1 using FD/V = 10 and K. = 0.1: the values for K, from
top to bottom are: 0.8, 0.7. 0.6. 0.5. 0.4, 0.3 and 0.2. (A) Eq. 2 using
F/V = 10 and K, = 0.2; the values for K, from top to bottom are:
1.6, 1.4, 1.2 and 1. (B) Eq. 3 using numerical integration with
Vi = 50, K. = 0.1 and Cy(t = 0) = 100; the values for K, from
top to bottom are 10, 14, 18 and 22 (C).

is interesting to note that the ratio of the initial slope to the
terminal slope of the curve of the one-compartment model with
first-order kinetics is greater than or at least equal to 2 (see
Appendix). Also, in the one compartment model with Michaelis-
Menten input kinetics, Fig. 2C, the ratio of the initial to the
terminal slope i.e.
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Fig. 3. “Phase plane” plot for a drug obeying two-compartment model
disposition with first-order (A), zero-order (B) and Michaelis-Menten
(C) absorption and first order elimination. The plots were generated
from: Eq. 4 using F = 1, D = 500, V = 7, K;; = 0.6, K;, = 1.2,
Kjo = 0.66: the values for K, from top to bottom are 1.8, 1.6, 1.4, 1.2
and 1. (A) Eq. 5 using (F/V = 0.02, K, = 1.86, K,, = 1, K}, = 0.21
and T = 8 the values for K, from top to bottom are 5.5, 5, 4.5 and
4. (B) Eq. 6 using numerical integration with V.. = 50, K, = 0.1,
Ki» = 0.6, K;; = 1.2 and Cy(t = 0) = 100; the values for K, from
top to bottom are 10, 14, 18 and 22 (C).

VleXKm + K /K
(K + Cylt = 0))° ‘1

(see Appendix) is larger than one. Since there is no explicit
expression in terms of time for the slope of the curve during
the absorption phase, we calculated the slope numerically and
found that the ratio of the slopes is progressively becoming
much larger as time approaches t,,,. This finding is in accord
with the visual inspection of the plots in Fig. 2C.
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Figure 2B shows the phase plane plot of a one compartment
model system with zero-order absorption kinetics. It consists
of two straight lines which are in accord with Eq. 2. The two
slopes are equal and correspond to the elimination rate constant
(see Appendix).

Figure 3B shows the phase plane plot of a two compartment
model system with zero-order absorption kinetics. Although
the plot is not linear, two symmetrical limbs are observed while
discontinuity is again the prevailing feature of the zero-order
input kinetics. The y-intercept and the initial and terminal slopes
of the curves in Fig. 3B are given in the Appendix.

Errant Data. In the one-compartment model with zero-
order absorption, the phase plane plot (Fig. 2B) has two unique
characteristics, namely i) discontinuity between the absorption
and the elimination phase and ii) the two limbs of the graph
are linear with equal slopes. These characteristics, coupled with
the nonlinear character of all other plots, prompted us to design
the following simple test for the discernment of absorption
kinetics for a given data set. The data are initially segmented
in two parts i.e. absorption and elimination phase data. Linear
regression analysis is performed separately for absorption and
elimination phase data using the pairs (dC/dr, C) where C is
the mid-point concentration. The ratio of the two slopes is
calculated and compared with 2. This value is the theoretical
minimum for the ratio of the slopes of the initial and terminal
limbs of the curve for the one-compartment model with first-
order absorption, (Fig. 1A and Appendix). For the reasons
delineated in the “errorless data” section, a high ratio of slopes
can be also anticipated with data obeying one-compartment
model with Michaelis-Menten input kinetics. This conclusion
is further substantiated by the fact that the visual inspection of
the shape of the curves in Fig. 1A and 1C reveals that the ratio
of slopes will be attenuated since the absorption phase data
concave downwards while the elimination phase data concave
upwards. Consequently, when the ratio of slopes is higher than
2 the possibility of zero-order absorption kinetics is ruled out
while values lower than 2 are indicative of zero-order input
kinetics.

To confirm these observations the errant data were ana-
lyzed as described. Table T shows, for each model, the number
of successes (out of 1000 trials) to comply with the criterion

Table I. Number of Successes (Ratio of Stopes >>2) with 1000 Differ-
ent Random Sets of Data for Each Model

Input
Model kinetics  Set K/K. CV =5% CV = 10%
One compartment First-order 0.4/0.1 1000 992
0.4/0.3 1000 995
Zero-order [ 0 6
II 101 216
I 0 2
Michaelis- 1000 986
Menten
Two compartment First-order 1000 1000
Zero-order 25 179
Michaelis- 1000 996
Menten
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of the ratio of slopes. It is clear that for both one and two
compartment models, zero-order kinetics is not justified when
first-order or Michaelis-Menten kinetics is operating with ran-
dom error either 5% or 10% CV. Three different sets of 1000
trials were analyzed for one compartment model with zero-
order absorption. Set I corresponds to the sampling schedule
described and everything goes as expected. For set II though,
the datum point with t = 12 h was not taken into account. This
caused serious aggravation of the results since at time t = 12
h the constant input is terminated. Set III is again without the
datum point at t = 12 h but the midpoint generated from the
two surrounding data points is excluded from the calculations.
This approach fixes things up and is indicative of how this tool
must be used with a real data set. This means that caution
should be exercised with data points close to C,,,, in order to
avoid misclassifications of the data in the two phases. Besides,
the approach developed exhibited good (2.5%) and moderate
(17.9%}) performance for the justification of zero-order kinetics
in the two compartment mode] at lower (CV = 5%} and higher
(CV = 10%) random error level, respectively, despite of the
nonlinear character of the plot, Fig. 3B. It is most likely that
this result is associated with the symmetry of this plot above
and below the x-axis.

Apart from the aforementioned analysis, one should also
mention that the visual inspection of the phase plane plot of
the experimental data can be helpful for the justification of
zero-order kinetics. Some examples of errant data are shown
in Fig. 4. The lines connecting the data points in Figs. 4 and
5 have been drawn to facilitate the reader to follow the time
flow which is clockwise from positive to negative values of
dC/dr. Visual inspection of Fig. 4 reveals that only the data,
which obey zero-order input kinetics (Fig. 4C and 4D), exhibit
(i) patent discontinuity (even though lines connecting data
points are present) between the two phases and (ii) similar
slopes for the data above and below the x-axis.

Literature Data. In this section real experimental data of
theophylline (19) and nitroglycerin (20) are used to demonstrate
the application of the phase plane method in the analysis of
absorption kinetics.

The first study (19) examines the effect of a high-fat break-
fast on theophylline absorption from the sustained release for-
mulation Theo-Dur Sprinkle. In this study (19), 6 subjects
received 900 mg of Theo-Dur Sprinkle under fasting conditions
and immediately after a high-fat breakfast. Figures 5A and
5B show the phase plane plots obtained from the two sets of
theophylline experimental data. These plots reveal that the val-
ues of dC/dt initially increase and then decrease with concentra-
tion during the absorption phase indicating that the assumptions
of either zero- or first-order rate of absorption are invalid.
This kind of behavior has been noted in a great number of
deconvolution studies and is associated with the stochastic
nature of drug’s absorption from the gastrointestinal tract (21).
However, if one ignores the first datum point of the absorption
phase in Fig. SA and 5B and applies linear regression to the
next four data points, i.e. data from 1 to 4.5 hours, one obtains

for Figure 5A.: dC/dt = 2.46 — 0.057 C
for Figure 5B: dCrdt = 0.91 — 0.041 C

The corresponding slopes of the elimination phase data in Fig.
5A and 5B are, —0.055 and —0.041, respectively. The similarity
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Fig. 4. Some examples of the phase plane plots of the errant data generated. The plots correspond
to a drug with one compartment model disposition with first-order absorption (A and B) or zero-
order absorption (C and D). Plots A and C have superimposed error of CV = 5% while in plots

B and D, CV = 10%.

of the slopes in both cases demonstrate that zero-order kinetics
is operating only for the first 4.5 hours, apart from a short
initial increase of input rate.

The nitroglycerin data were obtained from an in vivo study
of a transdermal system (Nitro-Dur) which was designed to
deliver the drug with constant rate of input for 12 h (20). The
phase plane plot of nitroglycerin data, exhibits clearly the abrupt
discontinuation of the absorption process and the almost parallel
change of dC/dt as a function of concentration in both phases,
Fig. 5C. In fact, the ratio of slopes of the two best straight lines
utilizing separately all data points from both phases is 1.65.
This value substantiates further the view of zero-order input
kinetics for nitroglycerin despite the fluctuations of rate in the
absorption phase and the limited number of data points of the
elimination phase.

The Phase Plane, the Input Rate and the Wagner-Nelson
(1) Method. In this section the phase plane plot is considered
in conjunction with the relevant approaches used for the con-
struction of the input rate and the Wagner-Nelson (1) plot. The
main purpose of this section is to demonstrate that the apparent
linearity of Wagner-Nelson plots can mask the detailed features
of the rate of input. To this end, drugs with one-compartment
model disposition are considered. For these drugs Egs. 1-3
can be written in a generalized form expressing input rate in
concentration/time units:

K.C (7
dt

input rate —
or

input rate = ¢ + K. C (8)
dt

Obviously, Eq. 8 holds for any type of input kinetics provided
that one-compartment model disposition is assumed. According
to Eq. 8 the input rate at each time ¢ can be estimated by adding
the corresponding elimination rate (K,C) to the algebraically
calculated change of plasma drug concentration dC/dt. The
required estimate for K, can be obtained from the conventional
semilogarithmic plot of the terminal concentration-time data
points of the elimination phase in the same way that it is applied
routinely (1). Finally, the input rate-time profile can be obtained
by plotting the input rate versus the midpoints ¢ of the blood
sampling intervals.

The methodology is analogous to the Loo-Riegelman tech-
nigue (3) i.e. utilizing rates of change in systemic concentrations
over finite intervals. However, the technique allows one to
construct a fictitious “cumulative concentration-time” profile,
by calculating (using the trapezoidal rule) the area under the
curve of the input rate for each time interval. This fictitious
quantity represents the plasma concentration of the absorbed
drug if elimination is ignored. When each of these quantities
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Fig. 5. Phase plane plots for the data obtained from the literature.
Plots A and B correspond to theophylline (19) under fasting conditions
(A) and immediately after a high-fat breakfast (B). Plot C corresponds
to a transdermal nitroglycerin data set (20).

is divided by the total area, the normalized fictitious cumulative
concentration-time profile obtained has all the qualitative fea-
tures of the classical percent absorbed versus time plots. Figure
6 shows the cumulative concentration-time profiles for theoph-
ylline (19) and nitroglycerin (20) data along with the corres-
ponding input rate-time profiles. The apparent linearity of the
cumulative plots in Fig. 6 during the absorption phase is usually
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Fig. 6. Input rate-time plots (squares, left-hand ordinate), “cumulative
concentration”-time plots (circles, left-hand ordinate) and Wagner-Nel-
son plots (triangles, right-hand ordinate) of the corresponding data sets
A, B and C of Figure 5. The slight decline of the plateau of theophylline
cumulative concentration—time plots is associated with the underesti-
mation of the elimination rate constant K, used in Eq. 8. The insets
magnify the absorption phase of the input rate—time profile of
theophyltine.

explained as a clear indication of zero-order input kinetics.
However, the co-plotted input rates support such a conclusion
only for nitroglycerin and not for the entire period of theophyl-
line absorption (see insets of Fig. 6). It seems likely that the
fictitious concentration-time profiles as well as the equivalent
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Wagner-Nelson (1) plots (Fig. 6), which are both of cumulative
nature, cannot unmask the detailed features of the input rate.
In fact, the correlation coefficients of the ascending limbs of
the Wagner-Nelson plots and the cumulative concentration-time
profiles are 0.996, 0.989, 0.997, and 0.993 for the data of Fig.
6A and 6B, respectively. As it was mentioned above, these
results are usually explained as indications of zero-order input
kinetics. On the contrary, the contrast of the cumulative concen-
tration-time profile with the input rate-time profile allows one
to validate his (her) conclusions for the type of the input kinetics
for one-compartment model] drugs.

On the whole, however, it is advisable to use the phase
plane plot as a single tool for the investigation of absorption
kinetics since (i) the input rate-time profile is derived from
the corresponding phase plane plot assuming one-compartment
model disposition and (11) no modeling assumptions are required
for the construction of the phase plane plots.

CONCLUSIONS

The method based on the phase plane plot is a convenient
and reliable method to investigate the characteristics of input
kinetics. It does not rely on modeling assumptions while mini-
mum computation is required. Finally, the method can be used
as an adjunct to the various methods used for the assessment
of input kinetics employing various assumptions (1-9).
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APPENDIX

One Compartment Model with First-Order Absorption
and Elimination. (Eq. 1)

Let

. dC .. dC
C= o and C = s

then the slope of the dC/dt vs C curve is

dC  dtdC dr ] dt C
Where
g FD — Kyt KFK(I —Ket ~Kgut
= —_— al . ¢4 el a 2
C== [Kue X — K (e e" )| (2A)

Derivation of Eq. 2A provides C. After the calculations we end
up with
_e(Kzl+K(z)f K{z] + eZK(,I K%

e(K,,+ Ke)t K(, _ eZKat Ke

slope(f) = g =

which gives the slope at any time t. For t = 0 the initial slope is:
slope(0) = —(K, + K.).

For the special case, K, = K, = K, the equation of the model is
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FD

C= v Kte X
Therefore,
¢  -2K+ K%
slope(f) = E = -—]—T
and

slope(0) = —2K

For the terminal slope, the calculation of the limit as t goes to
infinity is required. Three separate cases are considered:
a) K, > K,

| - i ¢ i — e KatKem2Ka)t K% + K(Z .
siope(ee) = lim — = lim — = K,
P = r—x e KatKe Kadt K, — Ke ¢

b) K, < K.

C _K(ZI + €(2K¢1_KR’K(1)’ Kz
slope() = hm = = lim — = —-K
P —x C  5xe K, e (2Ka—Ke—Ka)t K, a

K, =K. =K
¢
sl =lim==—-K
slope() ,LnlC

The intercept of the “phase line” with the dC/dt axis, is the
value of dC/dt at t = 0. Using Eq. 2A with t = O:

Ct=0)= %QKH when K, # K,
C(t=0)=£VQKwhenKa=Ke=K

In an analogous manner the following slopes and intercepts
were calculated for the various models.

One Compartment Model with Zero-Order Absorption
and First-Order Elimination. (Eq. 2)

Slope of the absorption phase = —K,
-K,

|

il

Slope of the elimination phase

Intercept: C(t = 0) = gKO

One Compartment Model with Michaelis-Menten
Absorption and First-Order Elimination. (Eq. 3)

Vmame
(K + Cet = 0))
Slope(®) = —K,
VinaxCe(t = 0)
K, + C(t = 0)

Slope(0) = - K,

Intercept: C(t = Q) =
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Two Compartment Model with First-Order Absorption
and Elimination. (Eq. 4)

Slope(0) = —(K, + K,y + K}p)
Slope(®) = —X,

Where X\, is the smaller (A, < \|) hybrid rate constant.

Intercept: C(r = 0) = EVB K,

Two Compartment Model with Zero-Order Absorption
and First-Order Elimination. (Eq. 5)

Slope(0) = —(Kjg + K2)
Slope(®) = —h,

. F
Intercept: C(r = 0) = % Ky

Two Compartment Model with Michaelis-Menten
Absorption and First-Order Elimination. (Eq. 6)

Intercept: C(r = 0) =

Vm‘dXKIVI

SIOPC(O) = - (Km + Cg([ _ O))z

- KIO - KIZ

Slope(®) = —X;

VinaxCo(r = 0)
K, + Gyt =0)
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